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Abstract 

The infinitesimal transformations that leave invariant a two-covariant symmetric tensor are 
studied. The interest of these symmetry transformations lays in the fact that this class of 
tensors includes the energy-momentum and Ricci tensors. We find that in most cases the class 
of infinitesimal generators of these transformations is a finite dimensional Lie algebra but also, 
in some cases exhibiting a higher degree of degeneracy, this class is infinite dimensional and may 
fail to be a Lie algebra. 
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1 Introduction 

The interest in the study of symmetries in General Relativity is long-standing. Some of them, 
namely isometries and affine transformations and their infinitesimal counterparts. Killing vector 
fields and affine vector fields, are well understood since long ago [T], [5], [3], [1]. 

In the last twenty years, there has been an steady interest in curvature collineations, Ricci collineations 
and even matter (Einstein) collineations [5], |6], [7], |8]. Their infinitesimal counterparts, namely 
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collineation fields, are characterized by the vanishing of the Lie derivative of the curvature tensor 
(resp., the Ricci or the energy- momentum tensor). Cohineation fields are thus an extension of the 
aforementioned Killing fields and affine fields in that every Killing vector field is an affine vector 
filed which in turn is a curvature collineation field and also a Ricci and a matter collineation field. 
However it is well known that collineation fields present new features. Indeed, contrarily to the case 
of Killing and affine fields, the class C of curvature (resp., Ricci and matter) collineation fields is 
a real vector space which may be infinite dimensional; this is due to the dependence on arbitrary 
functions, which also results in the fact that a collineation field needs not to be smooth and, as a 
consequence, C may not be a Lie algebra j^. 

We shall here concentrate in infinitesimal Ricci and matter collineations. Our results are also useful 
in the study of curvature collineations because any of them is necessarily a Ricci collineation too. 
In our view, although most recent work on the subject the spacetime metric (from which the Ricci 
tensor is derived) is given a significant presence in the approach to the problem, paying attention 
to the metric is rather hindering than helpful. 

Given a 4-manifold A4 and a smooth field of symmetric 2-covariant tensors T, we shall concentrate 
on finding the class Ct of vector fields X such that Cx.T = and try to find out whether the 
number of dimensions of Ct is finite, whether X is smooth and whether Ct is a Lie algebra. 
The answer to these questions depend, but not exclusively, on the rank of T. Particularly, if 
rankT = 4, T itself can be taken as a non-degenerate metric tensor and the collineation equation is 
actually a Killing equation and, as it is well known [1], Ct is a Lie subalgebra of ^(M), the class 
of smooth vector fields, and dimC-r < 10. 

For rankT < 4, we come across an assorted casuistry which depends not only on the rank of T but 
also on the derivatives of T. We aim to set up a classification of the tensor fields T according to its 
class Ct of collineation fields. The first variable to consider is the rank and different methods and 
techniques are suitable for different ranks, e. g. for rank three tensors the method is more similar 
to that used in studing the Killing fields whereas techniques imported from simplectic mechanics 
are best suited for rank one tensors. Whimsical as it could seem, the order in which the different 
ranks are presented here is dictated by their progressive degree of difficulty. 
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The classification we obtain is rather simple if only the generic, i. e. less degenerate, cases are 
considered. However as the degree of degeneracy increases, an intricated mess of cases and subcases 
arises. This is why we clos the paper with a Summary section. 

2 CoUineation fields 

Let T be a 2-covariant symmetric smooth tensor field on a 4-manifold A4. A T-coUineation field 
(shortly, a collineation field) is a vector field X such that 

CxT = (1) 

Notice that the definiton requires that X is of class at least but in general it does not guarantee 
that X is smooth. 

Furthermore, as a consequence of the fact that [C-x.,-Cy] = jC[x,y]) provided that X and Y are of 
class at least, it is obvious that the class of smooth collineation fields is a Lie algebra. 
The case rankT = 4 having been discussed, and finished off, in the Introduction, we shall assume 
that rankT < 4, constant. Hence in the neighbourhood of every p £ Ai it exists a base of A^TW, 
{(j)''}a=i..A such thaiQ 

r = r?„/3(^" ® / , with r?«/3 = diag(+l .r. +1,-1 .f. -1), r + s = m (2) 

(Greek indices run from 1 to m, upper case indices A,B,. . . run from m + 1 to 4, latin indices 
a,b, . . . run from 1 to 4 and the summation convention is always understood unless the contrary is 
explicitely stated.) The 1-forms being independent, we have that (p^ A ... A (jf^ ^ and the set 
of 1-forms {</>"}a=i...m is called a T -frame. 

Let us now expand the Lie derivatives of any (jf as C^(j)^ = Wpcj)^ + M'^(^^ . Including this and 
([2]) it easily follows that equation ([1]) is equivalent to 

£x0" = M'^/ with 7?„,Ar^ = 77^,M^„ (3) 

that is, the matrix is an so(r, s)-valued function on Ai. 

^ As there is no distinguished metric it is pointless to wonder whether this base is orthonormal or not. 
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Any two T-frames, {(j)'^}a=i...m and {(^"}a=i...m) are connected through an r/-orthogonal transfor- 
mation: 

<^°:=i?"^/, where R^aR"/sVf.u = Vap (4) 

i.e. i?" is a field of r/-orthogonal matrices. For the sake of brevity, we shall refer hereafter to these 

transformations as T-rotations. 

The differential system associated to T is 

nT= [j , where T^- = {Y, G T,M\T^{Y,, _) = 0} 

It is a differential system of constant rank 4 — m (see [9], sections V.3 and V.4) and the associated 
Pfaff system is Vt = C A^M. 

T is said to be holonomous if its associated Pfaff system is integrable and, in such a case, local 
charts (y^, . . . y^) exist such that cf)'^ = a'p{y^) dy^ — see ref. [9], Lemma V.4. 10. In terms of these 
coordinates, 

T = r,^(y^)dy"®d/ and X = X°^ + X^a^, := ^ , (5) 

where T^p{y') = ij^.a^iy') a^(y^). 

3 CoUineations of a rank 3 tensor 

If rankT = 3, it is obvious that T is holonomous and local charts exist such that the expressions 
([5]) hold. We write N := 84 and T = T^j^dx'^ (8) dx^ , with detT^^ ^ and then decompose the 
collineation field as 

X = Z + / N where / is a function 
and Z = Z°'da is tangent to the submanifolds = constant. 

It is obvious that r(N, _) = 0, which implies that Cf-^T = f C]^T and therefore, equation ([1]) 
amounts to 

CzT + fC^T = (6) 
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The projections of this over N and over the submanifolds = constant respectively yield 

[N, Z] = and C^T + 2fK = (7) 

where K := \ diTapdy" (g) dy^ or, in components, 

^4^" = and V(qZ^) + = (8) 

where V is the Levi-Civita connection for the non-degenerate metric T^p on the hypersurfaces 
= constant. The second of these equations looks like a non-homogeneous Killing equation 
(parametrized with ) and the question is: does it admit solutions that do not depend on y^ 
for some appropriate /? 

If Kai3 = 0, i. e. C]siT = 0, the answer is obvious because it reduces to a Killing equation in 3 
dimensions. The collineation field is then X = Z -|- /N, where / is arbitrary and Z is a Killing 
vector for the non-degenerate metric T in each submanifold y^ constant. 

If Kai3 7^ 0, things are not so simple. Let us start from equations ([8]) — that are equivalent to ([7|) — , 
the second of them implies that 

= r2„/3 - fKai3 with Qa/S + ^/Ba = (9) 

The integrability conditions imply new equations on and /. These can be derived by means of 
the Lie derivative of a connection — see ref. [2], section 1.4. We have that 

/:zV^r,A - V^£zT,A = - (^zF^J T^x - (/^zF^a) T^a (10) 

with 

-Czr°, = v^v.z" - z"/?^^,- (11) 

Then, as for the Levi-Civita connection V^T^a = 0, from (|10p it easily follows that also 

^zF^. = I T"^ {V^CzT^x + V«£zT^A - Va£zT^k) (12) 

where T^^Ta/, = 5^. 
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Combining then equations ([8]), ()12p . ()lip and including ([9)), we arrive at: 

V^n^x = ZPRp^^x + Va UK^^) - V« ifK^x) (13) 
Furthermore, for the connection we have thalj^ — see [2], equation (1.4.14) — 

which, including (jl2p yields 



As I/, ^, . . . = 1, 2, 3 and both sides of this equation have the same symmetries as a Riemann tensor, 
it is equivalent to one of its traces, namely: 

CzRyX = 2/ (k^'^R.^x. - R"uKx)a) + V"V„ {fK,x) + V.Va (/K';,) - 2V(,V« (^fK^^) (14) 

Then, using a relation analogous to (jlOp for tensors — see [2], equation (1.4.9) — we obtain the 
hierarchy of relations 

C-tSci^ ■ ■ ■ ^a^RvX = -ffai...Q„vA (/, f\\a ■ ■ ■ /||/3i.../3„+2 > • • •) where f\\a...l3 := . . . Vq/ , 
similarly as in the theory of Killing vectors (see [1], chapter 8). 

What has been done so far amounts to analysing the integrability conditions derived from the 
commutation of and V^. Let us now turn to the commutation of V y and N = c?4. 
The first of equations d?]) implies that [Cz, >Cn] = which, applied to the second equation ([7]) yields 
J~-zKafS + 04 {fKap) = or, rising the index with T'^", 

£zi^'; + fK^p + fk^p = (15) 

where / := 84^ f and K^^ := d^K'^p. 



^Notice that the definition of the Riemann tensor in [2] and the common definition in other references cited in 
this text differ in one sign, which we have included 
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Similarly, by applying the commutation relation [>Cz)>Cn] = to equations ()12p . (fn|) and to the 
whole above hierarchy, we should obtain further algebraic relations connecting Z'^, i^^^, f, f, f\^, 
/|^, etc, which we shall not write explicitely. 

Also, applying 84 to Q and including ([8]) we have that 

94o; = a4(/i^;)+f;:„z" 

where f := d^Vj^^ = ^f^K"^ + "^aK"^ - V^/C^^ and, using (US} it follows that 

d^Q^, = 2n^[J<]^^ + 2Z^V[^K,]A (16) 

Turning now back to equation (|15p . unless A''^ oc -A'^, it permits to derive / as a linear function 
of and Jl^^. Indeed, if K^^ is not proportional to K'^^, it exists such that M'^K^ = and 
M^K'^a = 1; therefore 

(If there are more than one independent matrix fulfilling the above trace equalities, it will result 
in constraints connecting and fi^^.) 

Substituting then this / in equations ()13p and ()16p we obtain a closed partial differential system 
on Z" and $7^^ (with no extra functions). If it is integrable, each solution is parametrized by six 
real numbers, namely Z°(0) and i}fj_u{0), i. e. the values of the unknowns at one point. The above 
mentioned hierarchy of integrability conditions then act as constraints on these parameters and the 
number of dimensions of the collineation algebra Ct is at most six. 
If, on the contrary, K^^ = then equation (|15p implies that 

J^zK^fi + (/ + 6/) K'^ = , for some b , 

which allows to derive / as a linear function of Z", fi^j^ and /. Indeed, as K^^ ^ 0, it exists A^'^ 
such that N",K^ = 1; therefore 

f + bf = -AT- £zi^^„ = -M° [z^V^K^i, + K'^^n^ - Kin^) (17) 
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Now, applying 84 to both sides of equation ()13p . we obtain that (see the Appendix) 

[k^^K^. - K^^KiT^^) = W;:, (18) 

where is a hnear function of and 0^^. In some cases this permits to derive as a hnear 
function of Z", and /. Indeed, K'^'^K^t^ — K^pK^J"^^ can be seen as a hnear map from the 
4-dimensional space /y^ into the 4 x 10 space W^^ and it can be inverted whenever (a) it is injective, 
which only fails to happen if K°^K'^^ = or K'^^ oc 5° , and (b) the right hand side W^^ fulfills some 
conditions, i. e. some linear constraints on Z", and /. 

This written as a linear function of Z", Jl^^ and /, together with ([8]), ([9]), (|13p and (|17p . yields 
a partial differential system on the variables Z", $7^^ and /. If it is integrable, each solution is 
parametrized by seven real numbers, namely Z"(0), 17^^(0) and /(O), the values of the variables at 
a point. The above mentioned hierarchy of integrability conditions are to be taken as constraints 
on these parameters and the number of dimensions of the collineation algebra Ct is at most seven. 

4 CoUineations of a rank 1 tensor 

If rankr = 1, it can be written locally as T = ± cf) cj) , 4> £ A^A4 , and the collineation condition 
Cx.T = is equivalent to £x</' = 0, which means that, locally, a function / exists such that 

(a) ix</' = / and (b) i^d<p = -df (19) 

which is a linear system on X whose compatibility depends on / and on the ranks of the differential 
forms and d(j). The general solution Tf can be written as 

where Xj is a particular solution and Xq = {Y\iY4' = lYdip = 0} is the general solution of the 
homogeneous system. 

To study the compatibility of (jlOp . we invoke the following corollary of Darboux theorem — see [9], 
Theorem VI. 4.1 — 
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Theorem 1 Given (p € A^{M), they exist a canonical coordinate systempi,p2,q^,q'^ and a function 
ip, such that 

(p = dip + eipidq^ + e2P2dq^ , with ei > 62 61,62 = 0,1 (20) 

A remark on notation is appropriate: hereon a stroke means partial derivative, so v^^ := daV := 
dv/dx"" , a = 1, ... 4; particularly in canonical coordinates {q^,Pj), we shall write 

f|i := diV := ^ and v^^ := d^v := ^ , i, j = 1, 2 

Writing now X and df in canonical coordinates, we have 



y. = X'di + X,d\ df = f^.dq' + fdp, 

and (fT9l b) amounts to 

- CiXi = f\i , eiX' = /l^ (21) 
Then, substituting this and (|20p into ()19l a). we obtain that the latter amounts to 

X'cj)i + X,<P' = f, with cPr■=^Pl^ + eiP^ and ,^^= V'' (22) 

According to the values of 61 and 62, different cases are possible, which we shall analyse separately: 

[l.nd] {d<p)'^ ^ 0. Then := dcp is a symplectic form and ei = 62 = 1- 

In this case the class of the differential form is 4 — see [9], Section VI. 1.3 — and Darboux 
theorem states more precisely that canonical local charts exist such that 1^ = 0, that is 
(j) = Pidq^ + p2dq^. Equation ()2ip then implies that 

Xi = -fi and X' = f\ or X = -{/,_}, 

where { , } is the Poisson bracket with elementary Poisson brackets: = i,j = 1,2. 
Substituting this in equation (p2|) . it becomes 

2 

Y.P^f = f (23) 



which, by Euler theorem, means that f{q^,Pj) is an homogeneous function of the first degree 
in the variables pj. The general collineation field is thus X = — {/, _} , where / S A^A4 is a 
solution of (1231). 



[l.d] {d(p)'^ = but d(j) A (p ^ which, including Darboux Theorem, implies that (]) = dijj + pi dq^ 
with dip A dpi A dq^ ^ 0. In this case, local charts of canonical coordinates exist such that 
d4> = dq^ + dpi A dq^ , i. e. 62 = and ei = 1. Combining then equations (|22p and ()2ip . we 
obtain that 

= -/[!, ^' = /l\ f = fiPi,q') and = f - pi (24) 

The component X2 is not determined and the general collineation field is 

X = /'^ di-f^id' + if- pi 82 + X2 (25) 

where f{pi,q^) and X2{pi,q^) are arbitrary functions of their respective variables. 

[l.d.h] (d^)^ = dcj) A (j) = but (i(/> 7^ 0. In this case (j) is integrable and a local chart exists such 
that (j) = pidq^ combining then equations ()22p and (|24p . we obtain that 

/ - Pi/'^ = or, equivalently / = F(g^) 

There is no constraint on the components and X2 and the general collineation field, 

X = F{q^) di - piF'{q^) 0^ + X^ 82 + X2 9^ , (26) 

which contains three arbitrary functions, namely F{q^), X'^{pi,q^) and X2{pi,q^). 

[l.d.O] d(j) = 0. Then, it exists ip such that (f) = dip, i.e. (locally) an exact differential. The 
equation ix.d(j) = —df implies that f = C, constant, with no further restrictions on X. The 
other equation, ix0 = C, then reads 'Kip = C and, in a local chart {x'^}a=i..A, such that 
= ip, the general collineation field is 

f) 8 
X = C^ + yX''-^ (27) 
8x^ ^ 8x'' ^ ^ 

with X'^{x"') arbitrary. 
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5 CoUineations of a rank 2 tensor 



Now T = r]aj3 4''^ (S> (p^ , with rj^fS = diag (1, o") , cj = ±1. In what foUows it will be helpful to consider 
the 2-forms d(f)°^ and the exterior products 

:= d4>'' A 0^ A j^afS ._ ^ _ (28) 

Under a T-rotation ^ we have that 

d4)'' = dR''i3A4'^ + R'',3d4'^ and A = det(i?"^) (/)^ A (/>^ 

and, as det(i?'^) = ±1, it follows that 

T":=±i?'^T'^ (29) 

Now, let n G A^M be a volume tensor {Q / 0) and let us define r by T" = TO. The relation ([29]) 
implies that := ±i?'^/'^ and, as i?'^ is a T-rotation, we have that 

r]apl°^l^ is invariant by T- rotations 

As a consequence, unless r]a/3 = diag(l, —1) and = T^, we can allways perform a T-rotation such 
that one of the exterior products T"^ vanishes. (We can label the 1-forms (j)^ so that this is T^.) 
Therefore, T can be classified in one of the following types: 



2.1 


Ti = 0, TVO 


a 


/ 


b 


= 


2.N 


= TV 


2.H 


T^ = T2 = 



[Notice that Type 2.N only occurs if r/^^ = diag(l, — 1) ]. 
5.1 Type 2.1.a 

Proposition 1 If T,^^ 7^ 0, = and 7^ 0, then two differential forms tpa G A^M, a = 1, 2, 
exist such that 

2 

d(t^ = V„ A , #2 ^ r d(j^ + ^^-^ 4)^ A<i? - 21 V'l A V'2 • (30) 
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where 

= r-S^^ , = sS^i and = ffi^i , 1^0 (31) 

The differential forms tpa o.^^ uniquely determined and V'/3}a./3=i,2 the canonical base for the 
tensor T. 

Proof: The first expression in ([30|) foUows immediately from = — see ref. [9], Chapter V, 
Proposition 4.12 . Then the fact that T}^ = —2cj)^ A (/)^ A i/'i A -02 7^ implies that ip/3}a,i3=i,2 
are independent. 

The 1-forms tpa are determined apart from the gauge freedom: 

= V/3 + -B^/?*/-" with B^p = Bp^ (32) 

We now write dcf)^ = P'^^pa'^4'^ A(p'^+mipiAip2 and, including that S^-*^ = —2(1)^ Acp"^ AipiAip2, 

we have from (|3ip that 

m = -2l, 2r = , s = 2al + det(P^) 

Under the gauge transformations ([32]) the components of change according to: 

P'^ = P^ - m 5^,e°^ , a' = a - B.^e'^^P^ + m B^iB^^e^'' 

whereas m = —21 and P^ = 2r are gauge invariant. We can therefore choose the gauge matrix 
BjSa so that the traceless part P'^ vanishes. That is, the base 1-forms -i/^Q, can be chosen so that 
P^ = r 5^ and the second and third expressions in (|30p follow immediately. 

Notice also that the above choices exhaust the gauge freedom. □ 
As rankT = 2, equation ([3]) reads 

/:x</'" = &^"^/, where D° := r/"%;3 = |^ ° ^j, (33) 

e^jS = —e^y , ei2 = 1 and 6 is a function. Therefore it follows that 

£x (<A^ A (/.2) = and /:xd</'" = dfe A / + 6 P''^ 
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Then for we have that Cx.'^^ = and, as = and 7^ 0, it follows that 6 = which, 
substituted in (|33p yields 

= (34) 
On their turn, these equations imply that Cxd(j)°' = which lead to £xS"^ = jCxT"" = and 

X/ = Xr = Xs = (35) 
Including this and equation ()30p . C-^dfj)'^ = implies that 

£xV'q: a 0" = and £xV'i A ■02 + V'l A -CxV'2 = , 
whence it easily follows that 

Cx^a = (36) 

Summarizing, if T is type 2. 1. a, first we find the canonical base {0"}a=i...4, where (fi^ := ipi and 
(p'^ := ■02) and its dual base {Ya}a=i...4- Then the collineation equations supplemented with their 

dX" - X''CS^(t>^ = (37) 



integrability conditions amount to Cx4'°' = or, writing X = X^Y^ and dcj)"" = —h C?" jf)^ A (j)^ . 



If this partial differential system is integrable, each solution is parametrized by the values Xq at 
one point. Therefore the dimension of the collineation algebra for type 2. 1. a tensors is at most 4. 
The integrability conditions of ([37]) put some further constraints on the parameters Xq. These 
integrability conditions are obtained by taking the exterior derivative and read Cxd(p'^ = or, in 



terms of the coefficients C^^, 



XC£, = (38) 



Locally this amounts to [XC^^]q = 0, which is an algebraic constraint on Xq, plus d(X(7^^) = 0. 
Using the fact that d and £x commute, the latter is equivalent to: 

XC,% = 0, where := YeQ", 

Iterating this procedure, we obtain that ([38|) implies that 

= , n e N (39) 



bc\ei...enh 
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which is an infinite homogeneous hnear system on the parameters Xq. Provided that its rank is not 
greater than 4, the codimension of the colhneation algebra for type 2. 1. a tensors is precisely this 
rank, otherwise T admits no colhneation fields. 

5.2 Type 2.1.b 

Proposition 2 // 0, = and E^^ = 0, then two differential forms (p^ G k^M, ^ = 3, 4, 

exist such that 

dc/)"^ = 1 0i A 02 + </,3 A (/.^ , #^ = r 0^ A 02 + 0° A (/>^ (40) 

where either Va = (0,0), Va = {^,v) or Va = {v, 1). Besides = j-;22 _ ^ 

The differential form 0^ is determined up to the gauge transformation, (j)"^ = 0^ + m0^, where m is 

an arbitrary function. 

Proof: Consider G := dcf)^ — — 0^ A 0^. By the hypothesis, A = 0, which implies that @ is 
simple and 0"^, A = exist such that Q = (p^ A (j)^. These (j)^ present an obvious SL{2) gauge 
freedom. 

As / 0, the four 1-forms 

a=i...4 ^■I'G independent. Writing then dcp^ in this base and 
including that = rT^, it immediately follows that dcj)^ = r (p^ A (j)"^ + PaB 4>°' ^ 4>^ and, as 
T,^^ = 0, det {PaB)a=i 2-A=3 4 ~ ^' therefore Va and Pb exist such that P^b = v^Pb- Then the 
gauge freedom in the definition of 4>^ can be used to make Pb = and, if 7^ 0, either vi = \ 
or f2 = 1- D 

As rankT = 2, equation ([3]) reads Cji_(j)°' = hD'^p(f)^ , whence it follows that £x (0^ A (fP'^ = and 
for the binary wedge products T° we have that Cy;T^ = bT^ . Then, as = and ^ 0, it 
follows that 5 = and therefore 

/:x(/)° = 0, a = 1,2 (41) 
Now two cases must be separately considered: 
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Case 2.1.b.l: If Va 7^ 0, then either = {^,v) or Va = {v,l)- Now the integrability conditions 
for equations (|4ip imply that Cxdc/)'^ = 0, which leads to Cx'^"'^ = ^x^"^ = and therefore 
Xr = Xs = 0. Substituting this in equation (|40p we readily obtain that: 

Cx (0^ A </.^) = and Xva A (p^ + w„</>" A Cy^c/)^ = 

which, including that either t;i = 1 or = 1, lead to: 

Cx(j)^ = and Cy^cp'^ A c/)^ = (42) 

Equations (|4ip and (|42p can then be unified as 

Cy^cj)" = 52f(j)^, for some function / . (43) 

which is equivalent to: dX"- = [X'^C^^ + /(^fJ^) 4''^, where as before X = X"-Ya and C^^ are the 
commutation coefficients in this base. 

This is a first order partial differnetial system on the unknowns X" but, due to the occurrence of 
the unknown function /, it is not in closed form. However, in some cases the integrability conditions 
could help to determine /. 

The integrability condition for the equation ()13]) . a = 4, yields 

M = f (Cf^cj)^ A(j)f^ + d(j)^^ + d/ A 0^ with ^ ■= -\ ^C^ct)" A 0^ (44) 
where the fact that dcj)"" = — ^ C^^ dcf)^ A dcf)'^ has been included. 

Now, if 03 A d(p^ 0, we can obtain / = f{X^), which closes the differential system ()43p . If it is 
integrable, then the solution depends on the four real parameters Xq, which are submitted to the 
hyerarchy of constraints that follow from the full integrability conditions of the system (j43p . and 
dimC < 4. 

If, on the contrary, (p"^ A d(j)^ = 0, then it exists ip such that dcp^ = (j)^ Aip and equation (jH]) implies 
that M = (t)^ Afi, for some yU. Moreover, the integrability condition for equation (HI]) leads to 

/ 03 A d + dM - CifiM A 0^ = 
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or, separating / in all terms, 



F.aiX'') <P'A4>'A / (45) 



which, provided that the right hand side does not vanish, permits to derive / = f[X"'), which closes 
the partial differential system (j44p : therefore dimC < 4. 

We do not analise the highly non-generic case that neither equation ()44p nor equation (|45p can be 
solved for /, which would require furhter study. 



Case 2.I.b.0: If Va = 0, then by (00]) we have that 

d(j? = A 02 + 03 A ./.^ and d<j^ = r 0^ A 0^ 

The exterior derivative of the latter yields dr Acj)^ AcjP' — rcj)^ A 0^ A 0^ = 0, which implies that r = 0, 
i. e. d(j)^ = and locally a function y exists such that (j)^ = dy. The condition (j4TJ then implies 
that Xy = C, constant, and two cases must be considered depending on whether s does vanish or 
not: 

2.1.b.0.nd If s 7^ 0, then d4>^ is simplectic and we can apply the results in section |4l case l.nd. 
Using canonical coordinates, cjp' = pi dq^, i = 1,2, and X = — {/, _} , where Pi/'* = / . As a 
consequence, / is a solution of the partial differential system: 

Pid'f = f, {y,f} = C. (46) 

In order to study its integrability, consider the minimal integrable submodule Ti C ^{M) 
containing P = pjd^ and Y = {y, _}. It is obvious that 2 < diuiT-L < 4 and that df S T-L'^. 
Therefore, 

• if dim Ti = 4, then df = and there are no T-collineations at all, and 

• if dim 7^ < 4, then < dim T-L-^ < 2 is the number of arbitrary functions on which / is 
built of. 
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2.1.b.0.d If s = , then dcp'^ A dcp'^ = but, as ^ 0, we also have that dcp'^ Acp'^ ^ 0, the results in 
sectionHl case l.d apply and canonical coordinates can be chosen such that (p'^ = dq^+pi dq^ , 
(p^ = dp2 and 

X = f\'di - f\,d' + (/ - pi/'i) 52 + X^d-" , f = /(pi, gi) (47) 

with X2 = C — f^^diy + f\id^y — (/ — Pi/'^) ^2y^ where the condition iy^(j)i = C has been 
included. 

5.3 Type 2.N 

This case only occurs when a = —1, i. e. rjap = diag(l, —1). We shall write T^^ = tT^, T^"^ = r 
and = sT^. 

Proposition 3 //T^ = 7^ 0, then two differential forms, (p^ and (p^, exist such that 

d(P^ = 1 ^1 A (/>2 + 0^ A d^'^ = d(p^ + {r -t)cp^ A(P^ + P^p A _ (43) 

with detPo,^ = r — (s + 1)/2 and the differential forms 0"+^ are determined up to the gauge trans- 
formation cp"^'^'^ = L°l(p'^'^'^ where is a SL{2) valued function. 

Proof: Consider := dcp^ — ^(p^ A (p'^. As A G = 0, it is simple and two differential forms, <p^ 
and (/)^, exist such that Q = cp^ A (p'^. Moreover, as / 0, (/)^ A 0^ A A / 0. 
Then, as - d(p^) A (p^ A (p"^ = 0, we have that #2 _ ^^^^i = ^,^1 /\ 02 _^ p^^ ^ ^/3+2 ^^^^^ 
including the values of S^''' we derive that a = r — t and det(PQ^) = r — [s + t)/2. □ 

Proposition 4 (a) If t + s — 2r ^ 0, then (p^ and (p^ can be chosen so that 
/ |2r — s — t| 

Pap = Y ^ K^p , with Kafs = diag(l, k) , k = sign(2r - s - t) (49) 

The differential forms (p^ and (j)^ are uniquely determined and {(j)"'}a=i..A is the canonical base 
for the tensor T. 

(b) If t + s — 2r = 0, then (p^ and (p'^ can be chosen so that Pap = VaS\. 
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Proof: 

(a) By the gauge cj)''^'^'^ = L^^c/)'^'^'^ , where € SL{2), the matrix Pa/3 transforms as = 
PauL'^ls- Therefore, by an appropriate choice of the gauge, we can get Pa/3 in the shape (|49|) . 

(b) In this case det(PQ,^) = and therefore P^/s = VaW/3. Then the SL{2) gauge can be chosen so 
that W/3L^y = 5y- ^ 

The value of det(Pa/3) is T-frame dependent. Indeed, by a T-rotation we have that 

S"/^ = R^^Rii:'"' - dR"^ A dRi A^i" Acf)" + {r% dR^^^ + R^ dR"^^ A ^'^ A dcj)" , (50) 
where i?" is a 0(1, 1) matrix valued function. Using that we obtain 



cosh C, sinh C, 
sinh Q cosh Q 



R'l= \ ' ' \ , and dR'^p = R^D^p dC 



whence it easily follows that dR"^ A dR^y = 0. 
Particularly we have that: 

+ - 2Sl2 ^ g-2C r^ll + £22 _ ^^12 _ 2 d( A {c^^ - cf") A {d<i^ - dcj)^ 

and, as = T"*^, this amounts to 

e^^ {i+s- 2r) = {t + s - 2r)T^ - 2dC A (0^ - ^'^) A d{^^ - cf^) 
which finally leads to 

e'^ - f] = f ^ -r\+ (P24 + P14) Cs - (P23 + As) a (51) 



where dC, = Ca4'"'- 

Proposition 5 For type 2.N tensors it always exists a T-frame such that 2r — t — s = 0. 
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Proof: If 2r — t — s 7^ — case (a) in Proposition [3] — and we look for a rotated T-frame such that 
2r — i — s = 0, equation ([^ yields 



kCs — C4 + = , where J := y^\r — (s + t)/2 , 
which obviously has many solutions, C- ^ 
Corollary 1 For type 2.N tensors it always exists a T-frame such that 

d(p'^ = i(P^ A^'^ + A<P^ , d[cl)'^ -(P^) = ^^<P^ Ac/)"^ +[w{(j)'^ -(P^)+u(l)'^] A(l)^ . (52) 
with either (a) w = 1 or (b) u; = and u = 1 or 

Proof: It follows easily from propositions U] and \5\ then the gauge freedom in (j)"^ can be used to 
suitably scale w and u. □ 

Proposition 6 If u = and s + t = 2r, a T- frame can be found such that t = s = r. 

Proof: If = 0, including equation ()5ip . we have that t + s — 2r = is invariant by T-rotations. 
Furthermore, using the transformation (|5Up . we easily arrive at: 

^11 _ ^22 ^ 5.11 _ + 2 (iC A A #2 _ ^2 ^ ^^1) 

and, as = T^, 

(i-s) e^ = {t- s)T^ + 2dC A {(p^ A d^'^ - (p^ A dcf^) . 

Therefore, by a suitable choice of C, we can make t = s. □ 
As rankT = 2, equation ^ reads 

£xr = &^"^/, (53) 

whence it follows that £x {<P^ A cjP'^ = and, as T-*^ = T^, we have that C-jC^^ = bT^ . 
The integrability conditions 

C^d^"^ = D'^p (b d(f>^ + dbA (54) 

must also be considered. 
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Proposition 7 The necessary condition for equations i53\) and |5^p to have a solution is that 

(0) either u = and therefore (j)^ — cp^ is integrable, and 

dh = wC:k. <f + Kft)"" or (55) 

(1) u 7^ 0, in which case 

Cyi{u(t)^) = -2bu<l)^ (56) 
£x {u-^ [4>^ - 0^]) = 36 n"^ (</.^ - w 4>'^) - 2b 0^ + fu 4>^ (57) 
db = - (Xlog-u + b[u + 2w]) (P^ + ^ (Xi - 6s) (t>^ - ^ (Xs - bt) 0^ , (53) 
where f is some function. 

Proof: From equation ()53p we have that £x('/*^ — 0"*^) = "6(0^ — 0^), whose integrabihty condition 
implies that: 

/:x - 0^) = -db A ((^2 _ 0i) _ 5tZ(02 _ ^1^ (59^ 
Its external product by (j)^ yields 

e^" 0^ A A ( Xn 0^ + 6u (/.^j + [S^u - wVa] Cx + Va db) = 
which amounts to: 

0^ A (/>2 A [Cx {u (p^) + 2bu (j)^] = and 0^ A 0^ a {db - wC^ + 6u r/.^) = , (60) 
where equation (|52p has been included. 

If u 7^ 0, the first of these equations means that Cx{u4)^) = -2bu<j)^ + Aa<l)". Besides, the 
integrabihty conditions (|54p can be further exploited to obtain that 

- 6s - 26i = , Xs-bt + 262 = (61) 

£x (n02) = -26ii(^^ (62) 

(1)^ A (/:x'/'^-(36 + Xlogu)(/)^ + [u;(Xlogu + 26) + 26n] <))^ + bwict)"^ - (p^)) =0. (63) 

Then equations ()56p to (|58p follow immediately. 

If on the contrary n = 0, the first of equations ()60p is identically satisfied and the other implies 
equation ()55p . □ 
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Subtype 2.N.1: This corresponds to u ^ and equations (|56p to ([58|) hold. We take the base 



be written as 



13 ._ 



and 



wcjP')^ and equations (|53p and (|56|) to (|58p can 



dh = (XBc + bEc 



(64) 



where a,c = 1 ... 4, the only nonvanishing C/^ are U2 = = 1, = [/| 



-2 and = 3, and 



Br 



1 1 It; 



1 1 
-— s, — t, 

2 ' 2 ' 



U 



Let {Ya} be the dual base of with = — C^"b(^'= A and X = X'^Ya- The first of 

equations ([Ml) then reads dX" = (^X^C^^ + bU^ + /(^4(^c) t^''. Therefore, equation ([Ml) is a partial 
differential system on the unknowns X" and b. 

Although this PDS is not in closed form, due to the presence of an arbitrary function, the integra- 
bility conditions may help to determine /. Indeed, after a little algebra, the integrability condition 
for equation ()64p with a = 4 becomes 



M = f C4V^A0'^ + 



+ df ^<f 



(65) 



where 



M 



i,^C% + b 



11°' — i ii^c"- 



a ^cb 



Now, if 4>'^ Ad(f>^ / 0, we have that f A( 



= (p^ AM and we can obtain / = /{X'^, b), which closes 
the differential system (|64p . If it is integrable, then the solution depends on the five real parameters 
Xq and 60 • Similarly as in previous cases, these parameters are submitted to the hierarchy of 
constraints that follow from the full integrability conditions, and dimC < 5. 



If, on the contrary. 



0, then it exists such that 



(j)'^ Aijj and equation (|65j) implies 



that M A(p^ = 0, that is a exists such that M 
equation (j65p leads to 



A IJ,. Moreover, the integrability condition for 



/ 0^ A d ( ^4^/ ) + dM - ClpM A 



or, separating / in all terms. 



d ( Cipct)!" 



^(74,4 - 2B,\^5l + ^B,\^5t ]^'A^' 



FecbiX,b) ^'A(P'A(t>^ 



(66) 
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which, provided that the right hand side does not vanish, permits to derive / = f{X^,b) and then 
dimC < 5. 

Similarly as in case 2.1.b.l above, we do not consider the residual nongeneric subcase that neither 
equation ()65p nor equation (f66|) can be solved for /. 

Subtype 2.N.0: This corresponds to it = and u; = or 1 and, including Proposition[Ul equations 
([52]) read 

d</.i = ^ A (/>2 + A (/>^ d {^^ - (j)^) = w {(1)'^ - (p^) A (p^ , (67) 

Therefore cp'^ — (j)^ is integrable and, as Ty^^ ^ 0, dcj)^ is symplectic, canonical charts (pj, q^), with 
i, J = 1, 2, and two functions u and y exist such that 

(t)^=Pidq\ (P^ -4>^ =ydu, y>0 (68) 

Equation ()53p then leads to C-s.{4>^ — (p^) = —h {(p"^ — (p^) which, written in terms of u and y, implies 
that a one variable function B{u) exists such that 

Xu = B{u) , -by = Xy + yB'{u) (69) 

where B' means the derivative. 

From equation (|53p we also have that Cy^cp^ = bcp'^, which in terms of canonical coordinates reads 

{Xi - bpi) dq' + pj dX^ -ybdu = (70) 

where we have written X = X^dj + Xid'^ (as in section H]). Their components are 

Xi + Vi {yB' + Xy) +pjdiX^ = 0, with Vi:=^pi + u\i (71) 
Pj d'X^ + {yB' + Xy) nl^ = (72) 

where U|j := diU and n'* := 

If we now write the components X^ as 

X^ = {S^p' +r]r^) , with p' := pj , := rj = {p2, -pi) and := pip* , (73) 

equation (j7ip becomes 

X, (<5| + Viy\^^ + di^ + Vi {yB' + X^y,,) = (74) 
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Case 2.N.01: If 1 + viy^^ = y{l + y'^^u\i) + piy^^ / 0, we can derive: 

yB' + X^y\j f . va/\ 

Now equations (|72p together with the first of equations (|69p are to be taken as a partial differential 
system on the two unknowns . Using equation ()75p and after a little algebra, this PDS can be 
written as 

u\' I, ,.yB' + X^yu 

T—^y ] dii-B- ' +X^ U|, - / ^ =0 77 

Including now the decomposition ()73p . can be derived from one of these equations whenever 

(pju\^) (r'yii) ^0 or (l + ^7^^!'=) (r^n,,) (^7^7x1^-) (Hy,,.) , (78) 

the remaining two equations then yielding a PDS to be fulfilled by the unknown ^. 

On the contrary, if none of the above inequalities hold, r] is arbitrary, does not occur in the PDS 

and we are left with three equations on the unknown ^. 

In any case, the PDS looks like: 

= m^i + no, , 

with a running either from 1 to 2 (resp., 1 to 3). Using the commutation relations we then find the 
minimal integrable modulus % containing the fields Hq. 

The solution ^ then depends on an arbitrary function of 4 — dim % variables. The component r/ is 
either determined or arbitrary, depending on whether the inequalities (j78p do hold or do not, and 
the components Xj can be derived from (f75|) . 

Case 2.N.00: In case that y{l + y^^U]^i) + Piy^^ = 0, equation ()74p implies the constraint 

y\'dii = yB' + Xiy\^ (79) 

and its general solution is 

X^ = -dii + Qv\i (80) 
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the component being arbitrary. Including these, equations (|72p and ()69p become 

Qi^ - - Cnl^ = (81) 
u\^dii = X^u\i + C^iul' - B (82) 

Now, if n'* 7^ 0, the first of these equations permits to obtain 

C = {5ijuK\i)~^ 5kiu\'' {d'i - X') , (83) 

which substituted in equations (j79p . (j8ip and (|82p yields a PDS to be fulfilled by ^. The discussion 
about its solution is then similar to that in case 2.N.01 above. 

If, on the contrary ul* = 0, after a little algebra equations (|79p . (|8ip and (|82p yield: = rid^^ and 
the PDS: 

p^d'^ = ^, u\,d'i = B, y\'dii-y\id'i = yB' (84) 

The discussion about the existence of a solution is then similar to that in case 2.N.01 above. 

5.4 Type 2.H 

In this case, T*^ = and T is holonomous. Therefore coordinates x", a = 1 . . . 4, exist such that 
T = Taj3{x°') dx" ^dx^ , with detTo,^ 0, and three cases must be separately considered depending 
on m := icank{dx^ , dx'^, dT^p}, which ranges from 2 to 4: 

Case 2.H.0 If m = 2, then SaT^/j = 0, A = 3, 4. 

Case 2.H.1 If m = 3, the coordinates can be chosen so that 

Til = ) Ti2 = u , T22 = V with d^u = d^v = 

Case 2.H.2 If m = 4, the coordinates can be chosen so that Tn = x^ , T12 = u , T22 = x^ . 

Type 2.H tensors will be dealt in much the same way as rank 3 tensors. We first write the 
collineation field as 

X = Z + Nyi where are two functions , A = 3, 4 , Na = 5a 
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and Z = Z°da is tangent to the submanifolds = constant, B = 3,4. 

It is obvious that r(N^, _) = 0, which imphes that Cja-^^T = Ct^i^T and therefore, equation 
([1]) amounts to 

[Na, Z] = and C-zT + 2f^KA = (85) 
where Ka '■= \ dATa^dx'^ ® dx^ or, in components, 

^^^" = and V(„Z^) + /^i^A|a/3 = (86) 

where V is the Levi-Civita connection for the non-degenerate metric T^p on the hypersurfaces 
x^ = constant. The second of these equations looks hke a non- homogeneous Kilhng equation 
(parametrized with x^ ) and the question is: does it admit solutions that do not depend on 
for some appropriate f^? 

In case 2.H.0, = 0, A = 3,4, the answer is obvious because coordiantes and x^ are mere 

parameters and equation (|86p reduces to a Killing equation in 2 dimensions. The collineation field 
is then X = Z + /"^N^, where are arbitrary and Z is a Killing vector for the non-degenerate 
rank 2 metric T in each submanifold x^ = constant . 

In case 2.H.1, i^3|a^ ^ and -ft'4|Q,/3 = 0. Then equations (|86p do not involve the function 
which is arbitrary. The coordinate x^ is only a parameter and the problem has reduced to finding 
the collineation fields of a rank two tensor on each submanifold x^ = constant, which is similar to 
the problem treated in section [3l 

The generic case is 2.H.2, i. e. 7^ 0) A = 3,4. Similarly as in section[3l equations (|86p imply 

that: 

VaZi3 = ^al3 " with Q^is + = (87) 

And the successive integrability conditions that follow from the commutation relations for Vq, and 
imply a hierarchy of new equations on Oq,^ and /, namely 

V^n^x = RZ[xT^]^ + 2V[x{f^KAi.]t,) (88) 
ZR = Rf^KA\o.pT'^^ + 2V'^V^(^f^KA\upT-^)-2V^V''{f^KA\o.u) (89) 

and so on, where we have included that, as the dimension is two, Ra^KX = R'^\[a^^i]K ■ 
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As for the commutation of the derivatives Ba and Vq, apphed to Z^, we readily obtain that: 

dA^aP = 2f^A[/3-f^A| q] + "^^"^ [aKA\l3]u " 2/^i^A|i/[Q-f^B| ""p] (90) 



dAf''KB\a^ + a^i^Bi^^ - 2K^|,(„ii:5| '^j. + Z'^V.KAlap + 2K^|,(„n.^ = (91) 




--P-l-i ^ \ , with A:=xV-7z2 



= t; u\AEap + 5^ "^5^ ^ , with Eap = 



1 



2 

Then equation (j9ip yields 

2 aA/^'^xiB + /^iVAB = La(^, J^) , dAf"" + fN^c = La^Z, n) (92) 

with 

Nab ■■= '2^u\AB + ^ (2'uu|^U|B - u\bx^' - u\ax^'^ , 

N^c ■■= -^(u\AU\cx^ -uu\A5^-uu\c5l + 5l5^x'^'^ , 

La and are linear functions of and ^a^, a "stroke" means "partial derivative" and A' ^ A. 
Equations ()88p and (f90|) give all derivatives of Oq,^ in terms of Z", O^jy, and (9,y/'^,and equations 
(f92|) can be taken as a linear system of six equations for the six unknowns and Oa/^ ■ If the 
matrix of the system has rank six, this is a Cramer's system and we can derive 

jB ^ pB^^u^ ^ Q^^B ^ pB^^^u^ ^^^^ 



Substituting the above relations in equations (|86p . (l88jl and (|90j) . we obtain a closed partial differ- 
ential system on Z'^ and il^^ whose solutions are parametrized by three real parameters, namely 
the values of Z'^ and the skewsymmetric 2x2 matrix ^^13 at one point. 

Of course, some constraints will follow from the fact that = OaF^ . These, together with the 
hierarchy of integrability conditions, will result in a homogeneous linear system of conditions on the 
parameters Z"{Q) and f]Q,^(0). Therefore Ct is a Lie algebra and dimCy < 3. 
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If the linear system ()92p is not Cramer's, we can at least derive Oa/^ = L^{Z,^J^). Now 
and (|9U|) give all derivatives of Oq,^ and therefore some integrability conditions will follow, namely 

+d^f^ KB\,pK^^ \ - d,f^ i^^i ^f,Kj,\^^) = Wb^ (93) 

where Wb^i is a linear function of Z*^, ^^fi ^•iid This is to be seen as a linear system of four 
equations on the four unknowns duf^ and, in case that the rank is four, we can derive dyj^ = 
/Z,9.J^) which, together with BaI^ = L^{Z,VL,f^) and equations ([86]), ([88]) and ([90]) yield 
a closed partial differential system on the unknowns Z'^ , 0,^/3 and f^- The general solution is a 
vector space whose dimension is at most five. Therefore Ct is a Lie algebra and dimCy < 5. 
In the case 2.H.1 we shall do similarly and, as -fC4|Q,^ = 0, the component does not occur in 
any equation and is arbitrary. Therefore Ct = c!^^ + span{(?4}, where the vector fields in are 
characterized by Xx^ = 0. 

Equation (|9ip also impies that ^4/^ = and that: 

d^fK,^ + f d,K,^ + Z'^V^K,^ - i^3, ^0-^) + ^l%K,^ = (94) 

If -fCgi ^ and SsA'^i are independent, then we can derive 

f = FiZ\n^f,), d^f = F;{Z\^^p) 

and close the partial differential system (j86p . ()88p and (j90p . Its solutions depending on the three 
real parameters Z^{Q) and ^0,^(0), which are further constrained by the hierarchy of integrability 
conditions, the space Ct = cP is a Lie algebra whose dimension is at most three. 
If, on the conbtrary, K^^^'^^ and dsK^^"'^ are not independent, then as K^^"^ 7^ 0, we can at least 
derive d^f^ = F^{Z,^, f^). Now the integrability conditions that follow from equations (|88p and 
([90|) yield a linear system of two equations on di^f ^. Generically this is a Cramer's system and can 
be solved for to derive d^f^ = Fi^{Z,Q, f) and, together with equations (|86p . (|88p and (f90|) . finally 
close a partial differential system on Z'^, Oq,^ and f ^. The general solution depends on four real 
parameters, namely Z'^(O), QapiO) and f^{0), which are further constrained by the hierarchy of 
integrability conditions. Therfore the space c!^^ is a Lie algebra whose dimension is at most four. 
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6 Summary 



We finally present an outline of the classification of covariant second order tensors, according to their 
respective classes of collineation fields, Ct, and summarize what has been proved along previous 
sections. As a rule, it seems that for generic cases Ct is a finite dimensional Lie algebra, whereas in 
nongeneric cases, i. e. some equalities do hold, Ct is not a Lie algebra and has an infinite number 
of dimensions. 

Rank 4 tensors: T can be viewed as a non-degenerate metric on M, Ct is the corresponding 
Killing algebra and dimCy < 10. 

Rank 3 tensors: Local charts exist such that T = Tapiy"') dy°' (E) dy^ ,a = 1...4,a,/3 = 1...3. 
Write then X = Z + / N, where T(N,) = 0, and consider K^jj := Ct<fTaii. 

• If = 0, then the collineation fields are: X = Z + X'^d4, with arbitrary and Zy^ = 0. 
Ct is not a lie algebra but the subclass Cj. = {X € Ct \ Xy^ = 0} is a Lie algebra that has at 
most six dimensions. 

• If d/i^Kap is not proportional to Kap^ then Ct is a Lie algebra and dimC^ < 6. 

• If d^Kafs oc Kcii3, but K'^^KjS^ ^ and K^p, is not proportional to Tq,^, then Ct is a Lie 
algebra and dimCy < 7. 

Our analysis of two residual, degenerate cases, has been left incomplete and they probably involve 
arbitrary functions, i.e. Ct is infinite dimensional. These cases correspond to di\Kap oc K^^ and, 
either K^'^Kp^ = or Kc^p 

Rank 1 tensors: We write T = (f) ® (f) and distinguish several cases: 

Type l.nd d(j) is simplectic and, in canonical coordinates {q^,Pj), the collineation fields are 

X = fdi - fd\,d^ 

where f{q^,Pj) is homogeneous and of first degree on the "momenta" pj. 
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Type l.d Characterised hy dcf) A d(j) = and dcf) A (j) ^ 0. Then coordinates {q^,Pj) exist such that 

X = f^'di - + (/ - pi/i^) 82 + X2d^ 

where f{pi,q^) and X2{pi,q^) are arbitrary. 

Type l.dh Characterised hy dcp A dcj) = d(j) A (j) = 0; coordinates {q^,Pj) exist such that 

X = F ^1 - piF'a^ + X^d2 + X2d'^ , 

where F{q^), X'^{pi,q^) and X2{pi,q^) are arbitrary functions. 

Type l.dO In this case dcj) = and coordinates x", a = 1 ... 4 exist such that 

4 

1=2 

where C is a constant and the three functions X^{q^ ,pi) are arbitrary. 

Rank 2 tensors: We take the canonical expression T = ri^jj(j)^ ® (ff ^ and classify T on the basis 
of the volume forms W = d<i)i' (g) d<i)'' and = ® (j)'^ ® cj? . 

Type 2. 1. a There is a T-frame in which T}^ 7^ 0, = and 7^ and a canonical base 
{(t)°'}a=i..A exists such that Ly^^"" = 0. In this case dimC^ < 4. 

Type 2.1.b There is a T-frame in which = = and ^ 0. Then, by Proposition [21 it 
exists a base, (^", a = 1 ... 4, in which the differential forms d(j)'^ have the canonical expression 
(j40p . Two cases arise according to the values of Va- 

Case 2.1.b.l If Va 7^ 0, then it exists a base in which C-j^cj)'^ = fS^ 0^, for some /. 

If (f)^ A d4>^ ^ or (p^ Ad (c^i,(f>^ - i C4|4</''^ A (p^^ / 0, then it resuhs that Ct is a Lie 
algebra and dimCT < 4. Otherwise X might contain arbitrary functions and therefore 
Ct is not a Lie algebra has an infinite number of dimensions. 
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Case 2.1.b.0.nd If = and 7^ 0, then (j)^ = dg and dcfP' is simplectic; in canonical 
coordinates the collineation field is X = /l*(9i — /|ji9* , where fiq^Pj) is a solution of the 
Pfaff system defined in (j46p . The collineation field X might depend on an arbitrary 
function of two variables at most. 

Case 2.1.b.0.d If Va = 5]^^ = 0, then canonical coordinates exist in which X is given by 
equation ()47p and it contains an arbitrary function of two variables. 

Type 2.N This case, T"*^ = 7^ 0, only occurs if the tensor T has no definite sign. According 
to Proposition [31 a canonical base {0"}a=i...4 exists such that the exterior derivatives d<j)°^ are 
given by equation ([52]) with either u 7^ or n = and = S^^. 

Subtype 2.N.1 If n 7^ 0, X is the solution of the partial differential system (|64p . which 
involves an arbitrary /. Thus the system is not closed and, provided that either (j)^Ad(j)^ 7^ 
or that equation (j66p can be solved for /, the class Ct is a Lie algebra and dimCy < 5. 
In the residual nongeneric case that A dc/)"^ = and that equation ()66p cannot be 
solved for /, the partial differential system might not close and X might contain arbi- 
trary functions. Therefore Ct might not a Lie algebra and have an infinite number of 
dimensions. 

Subtype 2.N.0 This corresponds to, u = and tt; = or 1, then canonical coordinates exist 
such that 

(p^ =Pidq\ (j)"^ - (j)^ = y du , y > 0. 

An arbitrary one variable function B{u) appears. 

Case 2.N.01 Characterized by y{l + u\iy^^) + piy^^ 7^ 0. The components Xj are deter- 
mined by equation (j75p . As for the components , if one of the inequalities (j78p 
holds, then r] := piX"^ —p2X^ is determined in terms of := PjX^ , which is a solution 
of a 2-equations linear partial differential system and, provided that it is integrable, 
^ is determined up to the addition of an arbitrary function of two variables at most. 
If no inequality (jTSp holds, then 1] is arbitrary and is a solution of a 3-equations 
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linear partial differential system and, provided that it is integrable, ^ is determined 
up to the addition of an arbitrary function of one variable at most. 
Case 2.N.00 This is characterized by y{l + U|;yl') + = and if u^^ 7^ 0, the 

components Xj are given by (|80p and ([83|) . The component r] is determined by 
(89) and the component is a solution of equations (|79p and (|82p . a linear partial 
differential system and, provided that it is integrable, is determined up to the 
addition of an arbitrary function of two variables at most. 

If on the contrary u'' 7^ 0, then Xj are given by (f80|) and include an arbitrary 
function, besides r] = Pid^S,—p2d^^ and ^ is a solution of the linear partial differential 
system ([84|) and, provided that it is integrable, it is determined up to the addition 
of an arbitrary function of one variable at most. 

Therefore the class of collineation fields is infinite dimensional and is not a Lie algebra. 

Type 2.H If = = 0, local charts exist such that T = Tapdx"' (g) dx^ , a = 1 ... 4, a, /3 = 1, 2. 
Writing then X = Z + /^^a, with Z = Z^d^, and := \ OaT^p, A = 3, A, 

Case 2.H.0 If K^ia/B = 0, then Ct = + spanjc^a, d^} where c!^^ is characterized by 
Zix^ = 0, we have that 

c!^^ is a Lie algebra whose dimension is at most 3 and are arbitrary functions. 

Case 2.H.2 If / 0, A = 3,4, then 

• either the system ()92p is Cramer's and Ct is a Lie algebra whose dimension is at 
most three 

• or else, if the system (|93p is Cramer's, Ct is a Lie algebra whose dimension is at 
most five. 

We have left unsolved the case when neither (j92p nor (j93p are Cramer's systems. This is 
a highly nongeneric instance that would require further study. 

Case 2.H.1 K^^^i^ = but K-^^^/^ ^ 0, then we can expand: Ct = c!^^ + span{(94} where 
c!^^ is characterized by Xx^ = 0. Then either the system (fM|) is Cramer's and c!^^ is a 
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Lie algebra whose dimension is at most three or else, the analogous of equation ()93p is 
a Cramer's system and c!^^ is a Lie algebra whose dimension is at most four. In both 
instances is an arbitrary function. We have neither considered the nongeneric case in 
which neither ()92p nor (f93|) are Cramer's systems. 

Notice that, as cases 2.H.0 and 2.H.1 involve arbitrary functions, the corresponding classes 
of collineation fields are infinite dimensional and are not Lie algebras. 
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Appendix: The derivation of equation ( Il8lj 



To derive equation (jlSp we apply and 84^ respectively to equations (|16p and (|13p and then 
substract. Other facts that must be taken into account are that 

with 

and that: 
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In case that K^, = bKZ, it follows that 



Using all that, after a little algebra we finally obtain 



with 

1 



{f + hf)K\. +^V^ {f + hf)K, 



'■/IK 



which, as / + &/ is a function of Z, is a linear function of Z", 0^;^ and /. 



(95) 
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